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ASYMPTOTIC EXPANSION IN MEASURE AND STRONG ERGODICITY
KANG LI, FEDERICO VIGOLO, AND JIAWEN ZHANG
Abstract. In this paper,we introduce and study a notion of asymptotic expansion
in measure for measurable actions. This generalises expansion in measure and
provides a new perspective on the classical notion of strong ergodicity. Moreover,
we obtain structure theorems for asymptotically expanding actions, showing that
they admit exhaustions by domains of expansion. As an application, we recover
a recent result of Marrakchi, characterising strong ergodicity in terms of local
spectral gaps. We also show that homogeneous strongly ergodic actions are
always expanding in measure and establish a connection between asymptotic
expansion in measure and asymptotic expanders by means of approximating
spaces.
Mathematics Subject Classification (2020): 37A30, 37A15. Secondary: 05C48.
Keywords: asymptotic expansion inmeasure; asymptotic expanders; domain of expansion;
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1. Introduction
Expansion in measure is a natural extension of a notion of expansion in finite
graphs to the setting of group actions on probability spaces. This idea was used
in [4, 11] to study continuous monotone expanders and measurable equidecom-
posability (it was also implicit in earlier works [9, 18, 24]). The second author
introduced a formal definition of expansion in measure in [26] so as to illustrate a
general procedure for building expander graphs from actions on measure spaces.
It turns out that a measure-preserving action on a probability space is expanding
in measure if and only if it has a spectral gap (see [26]), where the latter is a classical
notion and has already been thoroughly studied. In particular, this spectral char-
acterisation can be used to provide numerous explicit examples of actions that are
expanding in measure (see [2, 3, 8, 10], etc.).
A closely related notion is that of strong ergodicity. Recall that a measure-
class-preserving action on a probability space Γ y (X, ν) is strongly ergodic if
any sequence of almost invariant measurable subsets must be asymptotically
trivial. That is, any sequence {Cn}n∈N of measurable subsets of X such that
limn→∞ ν(Cn△γCn) = 0 for every γ ∈ Γ must satisfy limn→∞ ν(Cn)(1 − ν(Cn)) = 0.
It was shown in [23] that a measure-preserving action with a spectral gap is
necessarily strongly ergodic, while the converse is not true in general.
For the sake of motivation, recall that the notion of strong ergodicity was intro-
duced in [7, 22, 23] in relation with Ruziewicz problem, Kazhdan’s Property (T)
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and amenability. Since then, it became clear that strong ergodicity is also useful
in the context of von Neumann algebras and it was recently used to prove rigidity
results [14]. We refer to [13, 21, 25] for interesting examples of strongly ergodic
actions and further motivations from von Neumann algebras.
In this paper, we introduce and study the notion of asymptotic expansion in
measure. This is a weakening of the notion of expansion in measure as inspired by
[16] and, at the same time, it is a quantitative version of strong ergodicity. More
precisely, we introduce the following:
Definition 1.1. Ameasurable action of a countable discrete group Γ on a probabil-
ity space (X, ν) is called asymptotically expanding (in measure) if there exist for every
0 < α ≤ 12 a constant c(α) > 0 and a finite subset S(α) ⊆ Γ such that
ν
( ⋃
s∈S(α)
s · A
)
> (1 + c(α))ν(A)
for every measurable subset A ⊆ X with α ≤ ν(A) ≤ 12 .
It is not hard to see that for measure-class-preserving actions on probability
spaces, asymptotic expansion in measure is equivalent to strong ergodicity (see
Proposition 3.5). Hence the dependence of c(α) and S(α) on the parameter α in
Definition 1.1 describes in a quantitative fashion the triviality of any sequence of
almost invariant measurable sets. Therefore, the notion of asymptotic expansion
in measure can indeed be regarded as a quantitative version for strong ergodicity.
This newquantitative perspective on strong ergodicity truns out to be quite useful
later in this paper and in our forthcoming work [17].
One theme that will appear at various places throughout the paper is a trade-
off between strength and robustness. For example, having spectral gap is a
very strong property, while strong ergodicity is weaker but more robust. More
precisely, although it is easy to break the spectral properties of a dynamical system
Γy (X, ν), strong ergodicity is invariant under rather destructive transformations.
Case in point, replacing the measure ν with any other measure ν′ in the same
measure class preserves strong ergodicity but need not preserve spectral gaps
(more in general, one can also show that strong ergodicity is invariant under
orbit equivalence [12]). The same phenomenon happens for the two notions of
expansion: expansion in measure is stronger, but the asymptotic counterpart is
more robust.
We summarise the implications discussed so far in the following diagram:
Expansion in measure ks
m.p.
+3

Spectral gap
m.p.

Asymptotic expansion in measure ks
m.c.p.
+3 Strong ergodicity.
m.p.: measure-preserving, m.c.p.: measure-class-preserving.
Figure 1. Relations of actions on probability spaces
To adapt the above machinery to possibly infinite measure spaces (or more
precisely, σ-finite measure spaces), localised versions of expansion in measure
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and spectral gaps have been introduced in [5, 11]. Namely, it is possible to define
what it means that an action Γy (X, ν) is expanding in measure or has a spectral
gap “restricted” to some finite measure subset Y ⊆ X (note that the set Y is not
required to be Γ-invariant). In the former case Y is said to be a domain of expansion
(in measure) ([11], see also Definition 2.6), and in the latter the action is said to have
a local spectral gap with respect to Y ([5], see also Definition 2.9).
Although defined independently, the localised versions of expansion in mea-
sure and spectral gap are equivalent for measure-preserving actions. That is, if
Γy (X, ν) is a measure-preserving action and Y ⊆ X has finite measure, then it is
a domain of expansion if and only if the action has local spectral gap with respect
to Y ([11, Lemma 5.2]). Furthermore, these localised versions can be useful to
describe more precisely certain dynamical systems. For example, they can be
used to provide a sort of “local-to-global” characterisation for strong ergodicity.
More precisely, recall that a measurable action on a σ-finite measure space
Γy (X, ν) is strongly ergodic if there is a probability measure ν′ on X equivalent
to ν such that the action Γ y (X, ν′) is strongly ergodic in the probability sense.
It is proved in [5, Theorem 7.6] that if an ergodic measure-preserving action has
local spectral gap with respect to some positive measure subset Y ⊂ X then it
is strongly ergodic. Moreover, a recent work by Marrakchi [19] shows that the
converse holds as well, i.e., every strongly ergodic measure-preserving action has
local spectral gap with respect to some positive measure subset. This provides an
analytic characterisation for strong ergodicity.
Following the same philosophy, we introduce the notion of domain of asymptotic
expansion (in measure) as a localised version of asymptotic expansion in measure:
Definition 1.2. For a given measurable action of a countable discrete group Γ
on a measure space (X, ν), a positive finite measure subset Y ⊆ X is a domain
of asymptotic expansion (in measure) if there exist for every 0 < α ≤ 12 a constant
c(α) > 0 and a finite subset S(α) ⊆ Γ such that
ν
( ⋃
s∈S(α)
(s · A) ∩ Y
)
> (1 + c(α))ν(A)
for every measurable subset A ⊆ Y with αν(Y) ≤ ν(A) ≤ 12ν(Y).
This notion can also be seen as an asymptotic version of that of domain of
expansion. Here we encounter again the strength/robustness trade-off theme
mentioned before Figure 1. More precisely, it is not hard to show that domains
of asymptotic expansion are preserved under taking equivalent measures and
passing to subsets, both of which fail for their “non-asymptotic” counterparts
(see Section 3.2 for details). However, this flexibility comes at the cost of a weaker
control on the expansion properties of the action, and it turns out that a more
suitable and powerful strategy is to use both localised versions of expansions
simultaneously. This is exactly the philosophy underlying the following structure
result, which characterises strong ergodicity for actions on generalmeasure spaces
in terms of domains of (asymptotic) expansions. Recall that an exhaustion of a
measure space X is an increasing sequence Xn ⊆ Xn+1 such that X =
⋃
n∈N Xn up
to measure zero sets. Our main theorem can be summarised as follows:
Theorem A. Let ρ : Γ y (X, ν) be a measure-class-preserving action of a countable
discrete group Γ on a σ-finite measure space (X, ν). Then the following are equivalent:
(1) ρ is strongly ergodic;
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(2) X admits an exhaustion by domains of expansion;
(3) every finite measure subset is a domain of asymptotic expansion;
(4) ρ is ergodic and X admits a domain of (asymptotic) expansion.
The proof is fairly involved but makes only use of elementary measure theory.
In the case of measure-preserving actions, the equivalence “(1) ⇔ (4)” yields an
elementary proof of [19, Theorem A]:
Corollary B. A measure-preserving ergodic action ρ : Γy (X, ν) of a countable discrete
group Γ on a σ-finite measure space (X, ν) is strongly ergodic if and only if it has local
spectral gap with respect to some Y ⊆ X with 0 < ν(Y) < ∞.
As a matter of fact, our approach to Theorem A allows us to prove slightly
more refined results. On the one hand, we can prove a similar result for more
general actions on probability spaces. More precisely, for a probability space (X, ν)
conditions (2) and (3) of Theorem A are equivalent to asymptotic expansion in
measure1 for any measurable action Γ y (X, ν). We refer to Theorem 4.6 for a
precise statement. It is also worth pointing out that we prove Theorem 4.6 first
and use it as a stepping stone to prove Theorem A for general σ-finite measure
spaces (Theorem 4.9).
On the other hand, we also obtain a more “quantitative” control on the expan-
sionproperties of the action. Inparticular, if the actinggroupΓ is finitely generated
and S is a finite symmetric generating set, then Theorem A remains true if one
changes the definition of asymptotic expansion (Definitions 1.1 and 1.2) by requir-
ing that S(α) ≡ S independently of α (see Proposition 4.11 and Corollary 4.12).
This observation will be quite useful in a subsequent work where we deal with
Markov kernels associated with measure-class-preserving actions [17].
TheoremA can be used to shedmore light on the relation between strong ergod-
icity and spectral gap. This is best explained by examining Schmidt’s example of
strongly ergodic probability measure-preserving action that fails to have a spec-
tral gap [23]. In our terminology, his example is constructed as an infinite union
X =
⊔
k≥0 Xk such that each finite union
⊔n
k=0 Xk is a domain of expansion, but the
sequence of infinite tails
⊔
k>n Xk is a sequence of almost invariant subsets. It is in-
teresting to note that all the “non-expansion” is confined in arbitrarily small tails.
The construction of an exhaustion by domains of expansion in TheoremA implies
that this is indeed the general picture. That is, if a probability measure-preserving
action ρ : Γ y (X, ν) is strongly ergodic but fails to have a spectral gap, then all
the non-expansion is concentrated in some (arbitrarily small) subset of X. It is
reasonable to expect that the dynamics within a small set of non-expansion is
quantitatively different from the rest, or in other words, that the action ρ cannot
be “homogeneous”. In turn, if one knows that Γ y (X, ν) is homogeneous and
strongly ergodic then the action must have a spectral gap. Other authors recently
made similar observations ([1, Theorem 4] and [6, Lemma 10]). The techniques
developed in this paper allows us to make the above argument precise and to
prove the following quantitative result:
1In other words, we replace strong ergodicity in (1) of Theorem A with asymptotic expansion
in measure. As already discussed, these two notions are equivalent for measure-class-preserving
actions (see Proposition 3.5).
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Theorem C. Let ρ : Γ y (X, ν) be a measurable action of a countable discrete group
on a probability space and assume that ρ commutes with an ergodic measure-preserving
action. If ρ is asymptotically expanding “at the scale of α0” for some 0 < α0 ≤ 14 , then ρ
is expanding in measure.
We refer the readers to Theorem 5.1 for a precise statement. Since a strongly
ergodic action on a probability space is asymptotically expanding in measure, we
immediately recover as a corollary [6, Lemma 10] (and [1, Theorem 4]):
CorollaryD. Let ρ : Γy (X, ν) be a probabilitymeasure preserving action of a countable
discrete group that commutes with an ergodic measure-preserving action. Then ρ is
strongly ergodic if and only if it has a spectral gap (i.e., it is expanding in measure).
Last but not least, we conclude this introduction by mentioning a rather dif-
ferent source of motivation for this work. In fact, our starting point to introduce
the notion of asymptotic expansion in measure is that it provides an efficient and
unified way to construct asymptotic expanders. These are sequences of finite metric
spaceswhose expansion properties “asymptotically resembles” those of expander
graphs (these metric spaces were introduced and studied in [15, 16]). More pre-
cisely, we can translate between properties of dynamical systems and sequences
of finite metric spaces of sequences via the discretisation procedure developed in
[26] to prove the following:
Theorem E. Let (X, d, ν) be a locally compact metric space with a Radon probability
measure, and {Pn}n∈N a sequence of measurable partitions of X with uniformly bounded
measure ratios and mesh(Pn) → 0. Then a continuous measure-class-preserving action
Γ y X of a countable discrete group is asymptotically expanding in measure if and
only if the associated approximating spaces {T (Pn)}n∈N are a sequence of asymptotic
expanders.
We refer the reader to Section 6 for the relevant definitions and a detailed
explanation. As a concluding remark, we wish to point out that Theorem A
can be regarded as the dynamic analogue to a structure result for asymptotic
expanders [15]. Moreover, both structure results have applications to the coarse
Baum-Connes conjecture [15, 16, 17].
Organisation of the paper. In Section 2, we cover some general preliminaries and
review some related literature. In Section 3, we define asymptotic expansion in
measure and its local version. We also prove a number of technical but useful
lemmas that will be used throughout. Section 4 and Section 5 are devoted to
provide the proofs of TheoremA and Theorem C, respectively. In Section 6, we es-
tablish the connection between asymptotically expanding actions and asymptotic
expanders via approximating spaces and prove Theorem E.
Acknowledgements. Wewish to thank Amine Marrakchi for pointing out [6, 13,
19] to us and for manifesting interest in our work. The first and third authors
would like to thank Piotr Nowak and Ján Špakula for introducing them to the
topic of asymptotic expansion and for several early discussions. Finally, the
second author wishes to thank Uri Bader for his encouragement and helpful
comments.
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2. Preliminaries
2.1. Measure spaces. Let (X, ν) be ameasure space. When ν(X) < ∞, we generally
assume that it is a probability space. In the sequel we will frequently use Radon–
Nikodym derivatives, we hence work with the following:
Standing assumption. All the measures are assumed to be σ-finite.
We generally call a measurable subsetA ⊆ X of positive finite measure a domain.
Definition 2.1. An exhaustion of a measure space (X, ν) is a sequence of nested
measurable subsets Y1 ⊆ Y2 ⊆ · · · such that
⋃
n∈N Yn = X up to measure zero. We
denote exhaustions by Yn ր (X, ν), or simply Yn ր X, if the measure is clear from
the context. We will be especially interested in exhaustions where each Yn has
positive finite measure (i.e., exhaustions by domains).
Note that if Yn ր (X, ν) is an exhaustion and ν′ ∼ ν is an equivalent measure,
then Yn ր (X, ν′) is an exhaustion as well. When both ν and ν′ are finite, the
following holds true:
Lemma 2.2. Let ν and ν′ be equivalent finite measures on a space X and (An)n∈N a
sequence of measurable subsets of X, then ν(An)→ 0 if and only if ν′(An)→ 0.
The following corollary will be used frequently in the sequel:
Corollary 2.3. Given two equivalent finite measures ν and ν′ on X, there exist increasing
functions ρ−, ρ+ : (0, 1)→ (0, 1) such that
ρ−(α)ν′(X) ≤ ν′(A) ≤ ρ+(β)ν′(X)
for every α, β ∈ (0, 1) with α ≤ β, and measurable A ⊆ X with αν(X) ≤ ν(A) ≤ βν(X).
Note that Lemma 2.2 and Corollary 2.3 are trivially false for infinite measure
spaces.
2.2. Actions on measure spaces. Throughout the paper, Γ will always denote a
countable discrete group. In order to make some statements more quantitative
and to highlight the relation between (asymptotic) expansion in measure and
(asymptotic) expanders (Subsection 2.5), we will always equip Γ with a proper
length function ℓ : Γ→ {0} ∪N, i.e., ℓ is a proper function and satisfies:
• ℓ(γ) = 0 if and only if γ = 1 (the identity element in Γ);
• ℓ(γ) = ℓ(γ−1) for every γ ∈ Γ;
• ℓ(γ1γ2) ≤ ℓ(γ1) + ℓ(γ2) for every γ1, γ2 ∈ Γ.
It is easy to see that every Γ admits a proper length function (see e.g. [20, Propo-
sition 1.2.2]). For example, if Γ is finitely generated and S is a finite generating set
with S = S−1, we can take the length function to be the word length:
ℓ(γ) ≔ min
{
n
∣∣∣ γ = si1si2 . . . sin where sik ∈ S for every k = 1, . . . , n
}
.
Anyproper length function ℓ induces a left-invariantmetricdℓ onΓbydℓ(γ1, γ2) ≔
ℓ(γ−11 γ2). This makes Γ into a proper discrete metric space in the sense that every
bounded subset is finite. For each k ∈N, denote by Bk the closed ball with radius
k and centre at the identity:
Bk ≔ {γ ∈ Γ | ℓ(γ) ≤ k}.
It follows directly from definition that each Bk is finite and symmetric (i.e., γ ∈ Bk
implies that γ−1 ∈ Bk), 1 ∈ Bk and Bk · Bl ⊆ Bk+l for any k, l ∈N.
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We will be concerned with measurable actions of Γ on (X, ν). Given A ⊆ X and
K ⊆ Γ, let
K · A ≔
⋃
γ∈K
γ · A.
Note that A ⊆ Bk · A for every A ⊆ X and every k ∈N.
Recall that a measurable action Γy (X, ν) is measure-class-preserving if it sends
measure-zero sets to measure-zero sets. In particular, for every γ ∈ Γ there is a
Radon–Nikodym derivative dγ∗ν/dν that is well-defined up to measure-zero sets.
2.3. Expansion in measure. Let Γy X be a measurable action and S ⊆ Γ a finite
symmetric set. For any measurable subset A ⊆ X we define by ∂Γ
S
A ≔ S · A r A.
Given k ∈ N, we let ∂Γ
k
A ≔ ∂ΓBkA. This piece of notation is useful and rather
suggestive. In fact, one should think of ∂Γ
S
A as the “boundary of A with respect
to the action by S”.
Definition 2.4 ([26]). A measurable action ρ : Γ y (X, ν) of a countable discrete
group Γ on a probability measure space (X, ν) is called expanding in measure if there
exist constants c > 0 and k ∈ N such that for any measurable subset A ⊆ X with
0 < ν(A) ≤ 12 , we have ν(∂ΓkA) > cν(A). In this case, we say that ρ is (c, k)-expanding
in measure.
Remark 2.5. Givenameasurable actionρ : Γy (X, ν), it is easy to see that expansion
in measure for ρ is equivalent to any of the following:
(1) there exists c > 0 and a finite subset S ⊆ Γ such that ν(S · A) ≥ (1 + c)ν(A)
for any measurable subset A ⊆ X with 0 < ν(A) ≤ 12 ;
(2) there exists a finitely generated subgroup Γ′ ≤ Γ such that the restriction
ρ′ : Γ′y (X, ν) is expanding in measure;
(3) for every c ∈ (0, 1) there exists a k ∈ N such that ρ is (c, k)-expanding in
measure (see also Corollary 3.13).
In particular, expansion in measure does not depend on the choice of proper
length function. If Γ is finitely generated and ℓ is a word length, this is also
equivalent to:
(4) there exists c > 0 such that ρ is (c, 1)-expanding in measure (this is the
definition used in [26, Definition 3.1]).
As already mentioned, we decide to fix a length function and use the nomen-
clature “(c, k)-expansion” to stress the geometric nature of this notion. On the
other hand, it is sometimes convenient to highlight the presence of a finite set in Γ
that witnesses expansion in measure (this is the approach taken Section 1, see e.g.,
Definition 1.1). For this reason, we will also say that an action is (c, S)-expanding
in measure (or simply S-expanding in measure) if S ⊂ Γ is a finite symmetric subset.
We will also use the same convention for the local and asymptotic versions of
expansion in measure (see below).
In an independent work, Grabowski–Máthé–Pikurko defined a “local” version
of expansion in measure under the name of domain of expansion:
Definition 2.6 ([11]). Let ρ : Γ y (X, ν) be a measurable action of a countable
discrete group Γ on ameasure space (X, ν). A positive finite measure subset Y ⊆ X
is called a domain of expansion for ρ if there exist constants c > 0 and k ∈ N such
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that for every measurable subset A ⊆ Y with 0 < ν(A) ≤ ν(Y)2 , we have
ν
(
(Bk · A) ∩ Y
)
> (1 + c)ν(A).
In this case, we say that Y is a domain of (c, k)-expansion.
Given a finite symmetric S ⊆ Γ, we say that Y is a domain of (c, S)-expansion if
for every measurable subset A ⊆ X with 0 < ν(A) ≤ ν(X)2 , we have ν
(
(S · A) ∩ Y
)
>
(1 + c)ν(A). We also say that Y is a domain of S-expansion if it is a domain of
(c, S)-expansion for some constant c > 0.
Note that when ν is finite, Γy (X, ν) is expanding in measure if and only if X is
a domain of expansion.
Remark 2.7. It is easy to verify that our definition of domain of expansion is
equivalent to the one given in [11] (the authors of [11] only consider measure
preserving actions, but their definition makes sense also for general measurable
actions).
2.4. (Local) spectral gap. A measure-preserving action ρ : Γy (X, ν) of a count-
able discrete group Γ on a probability measure space (X, ν) has a spectral gap if
there exist constants κ > 0 and k ∈ N such that for every function f ∈ L2(X; ν)
with
∫
X
fdν = 0 we have
‖ f ‖2 ≤ κ
∑
γ∈Bk
‖γ · f − f ‖2,
where γ · f (x) ≔ f (γ−1 · x). It can be shown that the action ρ is expanding in
measure if and only if it has a spectral gap (see, e.g., [26, Section 7]). Note that
this characterisation of expansion in terms of a spectral condition only holds for
measure-preserving actions.
Remark 2.8. It follows from [13, Theorem3.2] that the characterisation of expansion
in measure in terms of spectral gap also holds for action that do not preserve the
measure as long as they have bounded Radon–Nikodym derivatives. We will not
need this fact in this paper.
In [5], Boutonnet–Ioana–Golsefidy introduced the following localised version
of spectral gap:
Definition 2.9 ([5, Definition 1.2]). Let ρ : Γ y (X, ν) be a measure-preserving
action of a countable discrete group Γ on a measure space (X, ν), and Y ⊆ X a
measurable subset of positive finite measure. The action ρ has local spectral gap
with respect to Y if there exist constants κ > 0 and k ∈N such that
‖ f ‖Y,2 ≤ κ
∑
γ∈Bk
‖γ · f − f ‖Y,2
for any f ∈ L2(X; ν) with
∫
Y
fdν = 0. Here ‖ f ‖Y,2 denotes the L2-norm of the
restriction of f to Y:
‖ f ‖Y,2 ≔
( ∫
Y
| f |2dν
)1/2
.
It is clear that when ν is a probability measure, ρ has spectral gap if and only if
it has local spectral gap with respect to the whole X. Also note that it is shown in
[11, Lemma 5.2] that a measure-preserving action ρ : Γy (X, ν) has local spectral
gap with respect to a domain Y ⊆ X if and only if Y
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for ρ. This fact can also be deduced from [13, Theorem 3.2] (or by adapting the
arguments of [26, Section 7]). A related but independent proof will appear in [17]
following a study of Markov kernels associated with measure-class-preserving
actions.
These concepts turn out to be naturally related to the classical notion of strong
ergodicity.
Definition 2.10 ([22]). Let ρ : Γ y (X, ν) be a measure-class-preserving action of
a countable discrete group Γ on a probability space (X, ν). The action ρ is called
strongly ergodic if every sequence of measurable subsets {Cn}n∈N in X such that
limn→∞ ν(Cn△γCn) = 0 for every γ ∈ Γ, must satisfy
lim
n→∞
ν(Cn)(1 − ν(Cn)) = 0.
It follows directly from Lemma 2.2 that strong ergodicity for an action on a
probability space (X, ν) only depends on the measure-class2 of ν. That is, if ν′ is
another probabilitymeasure equivalent to ν then ρ is strongly ergodicwith respect
to ν if and only if it is strongly ergodic with respect to ν′. Hence, the following is
well-posed:
Definition 2.11 ([14]). A measure-class-preserving action of a countable discrete
group ρ : Γy (X, ν) on a (possibly infinite but σ-finite) measure space is strongly
ergodic if ρ : Γ y (X, ν′) is strongly ergodic with respect to some (hence every)
probability measure ν′ equivalent to ν.
Finally, recall that it is recently proved in [19, Theorem A] that an ergodic
measure-preserving action on a σ-finite measure space (X, ν) is strongly ergodic if
and only if it has local spectral gap with respect to some Y ⊆ X with 0 < ν(Y) < ∞.
2.5. Metric spaces, graphs andasymptotic expanders. Given ametric space (X, d)
and r ≥ 0, we denote by Nr(Y) ≔ {x ∈ X | d(x,Y) ≤ r} the closed r-neighbourhood of
a subset Y ⊆ X, and by |Y| ∈N ∪ {∞} the cardinality of Y.
Definition 2.12 ([16, Definition 3.12]). A sequence of finite metric spaces {Xn}n∈N
with |Xn| → ∞ is called a sequence of asymptotic expanders if there are functions
¯
c : (0, 12]→ R>0 and ¯k : (0,
1
2 ]→N such that for every α ∈ (0, 12 ], we have
|N
¯
k(α)(A)| > (1 + ¯c(α))|A|
for every subset A ⊆ Xn with α|Xn| ≤ |A| ≤ 12 |Xn|. In this case, we say that {Xn}n∈N
is a sequence of (
¯
c,
¯
k)-asymptotic expanders.
Just for reference, we recall that a connected graph is regarded as a discrete
metric space by equipping its vertex set with the edge-path metric. For any
subset of vertices A ⊆ G, we denote by ∂1A ≔ N1(A) r A its 1-boundary, and we
recall that the (vertex) Cheeger constant of a finite graph G is defined as
h(G) ≔ inf
{ |∂1A|
|A|
∣∣∣ A ⊆ G, 0 < |A| ≤ 1
2
|G|
}
.
Asequence of expander graphs is a sequence of finite graphs {Gn}n∈Nwith uniformly
bounded degree, cardinality going to infinity and a uniform lower bound on their
Cheeger constants. Equivalently, finite graphs {Gn}n form a sequence of expanders
2More generally, strong ergodicity is in fact invariant under orbit equivalence [12, 23].
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if and only if they have uniformly bounded degree and they are (
¯
c, 1)-asymptotic
expanders for some constant function
¯
c.
3. Asymptotic expansion in measure
In this section, we introduce the key concepts of this paper, namely the notion
of “asymptotic expansion in measure” and its localised version. This naturally
generalises the notion of expansion inmeasure and canbe regarded as adynamical
analogue of asymptotic expansion for metric spaces (see Definition 2.12). We also
explain how asymptotic expansion in measure relates with strong ergodicity.
3.1. Asymptotically expanding actions and strong ergodicity. We give the fol-
lowing:
Definition 3.1. Let ρ : Γ y (X, ν) be a measurable action of a countable discrete
group Γ on a measure space (X, ν) with ν(X) < ∞. The action ρ is called asymptoti-
cally expanding (inmeasure) if there exist functions
¯
c : (0, 12 ]→ R>0 and ¯k : (0,
1
2 ]→N
such that for every α ∈ (0, 12] we have
(3.1) ν
(
B
¯
k(α) · A
)
> (1 +
¯
c(α))ν(A)
for every measurable subset A ⊆ X with αν(X) ≤ ν(A) ≤ ν(X)2 . In this case, we say
that ρ is (
¯
c,
¯
k)-asymptotically expanding (in measure).
For a fixed finite symmetric S ⊂ Γ, we say that ρ is (
¯
c, S)-asymptotically expanding
(in measure) if for every α ∈ (0, 12] and measurable subset A ⊆ X with αν(X) ≤
ν(A) ≤ ν(X)2 , we have ν(S ·A) > (1 + ¯c(α))ν(A). We also say that ρ is S-asymptoticallyexpanding (in measure) if it is (
¯
c, S)-asymptotically expanding for some function
¯
c.
The above definition generalises the notion of expansion in measure (see Def-
inition 2.4). More precisely, a measurable action is expanding in measure if and
only if it is (
¯
c,
¯
k)-asymptotically expanding for some constant functions
¯
c and
¯
k.
Remark 3.2. It is easy to see that asymptotic expansion inmeasure does not depend
on the choice of proper length functions on the countable group Γ: choosing a
different proper length function will merely yield different expansion functions
¯
c
and
¯
k.
Remark 3.3. It would be possible to extend the notion of asymptotic expansion
in measure to spaces of infinite measure following the same philosophy of [26].
Namely, by choosing functions
¯
c and
¯
k defined on (0,∞) and requiring that (3.1)
holds whenever A ⊂ X has finite measure. However, this generalisation does not
seem to capture particularly interesting phenomena.
Remark 3.4. Note that ρ is not asymptotically expanding in measure if and only
if there exist an α0 > 0 and a sequence of finite measure subsets An ⊆ X with
α0ν(X) ≤ ν(An) ≤ 12ν(X), such that for every n ∈Nwe have
ν(Bn · An) ≤
(
1 +
1
n
)
ν(An).
The next result reveals the connection between asymptotic expansion in mea-
sure and strong ergodicity (see Definition 2.10):
Proposition 3.5. Let Γ y (X, ν) be a measure-class-preserving action of a countable
discrete group Γ on a probability space (X, ν). Then ρ is strongly ergodic if and only if it
is asymptotically expanding in measure.
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Proof. Necessity: Assume that ρ is not asymptotically expanding, then there exist
α0 ∈ (0, 1/2) and a sequence of measurable subsets {An}n∈N in X with α0 ≤ ν(An) ≤
1/2 such that ν(Bn · An) < (1 + 1/n)ν(An) (see Remark 3.4).
For any γ ∈ Γ, take a large N ∈ N such that γ ∈ BN. Hence for any n > N, we
have ν(γ ·AnrAn) < 1nν(An) ≤ 1n . Similarly, we also have ν(γ−1 ·AnrAn) < 1n . Since
the action is measure-class-preserving, we deduce that
ν(An r γ · An) = ν(γ · (γ−1 · An r An)) n→∞−−−−→ 0,
and hence
ν(γ · An△An) = ν(γ · An r An) + ν(An r γ · An) n→∞−−−−→ 0.
This is a contradiction to the fact that ν(An)(1 − ν(An)) ≥ α0/2 > 0. Hence ρ is not
strongly ergodic.
Sufficiency: Assume that ρ is not strongly ergodic, then there exist α0 > 0 and
a sequence of measurable subsets {Cn}n∈N with limn→∞ ν(Cn△γCn) = 0 for every
γ ∈ Γ, while ν(Cn)(1 − ν(Cn)) ≥ α0 for each n. Without loss of generality, we can
assume that ν(Cn) ≤ 12 . Hence for every k ∈N, we have
ν(Bk · Cn) ≤ ν(Cn) +
∑
γ∈Bk
ν(γCn r Cn) ≤ ν(Cn) +
∑
γ∈Bk
ν(γCn△Cn)→ ν(Cn),
as n → ∞. This is a contradiction to the assumption that ρ is asymptotically
expanding in measure. 
Remark3.6. Classically, strongergodicity is onlydefined formeasure-class-preserving
actions. In this paper we follows this convention and only refer to strong ergod-
icity when dealing with measure-class-preserving actions. On the other hand,
Definition 2.10 also makes formal sense for general measurable actions. The “suf-
ficiency” part in the proof of Proposition 3.5 works in this extended setting as well.
This shows that asymptotic expansion in measure is a formally stronger property
than strong ergodicity.
3.2. Domains of asymptotic expansions. We will now introduce the localised
version of asymptotic expansion in measure, which is also the asymptotic version
of Definition 2.6. This notion will be crucial for the structure results in Section 4.
Definition 3.7. Let ρ : Γ y (X, ν) be a measurable action of a countable discrete
group Γ on a measure space (X, ν). A positive finite measure subset Y ⊆ X is
called a domain of asymptotic expansion for ρ if there exist functions
¯
c : (0, 12]→ R>0
and
¯
k : (0, 12] → N such that for every α ∈ (0, 12] and measurable A ⊆ Y with
αν(Y) ≤ ν(A) ≤ ν(Y)2 , we have
ν
(
(B
¯
k(α) · A) ∩ Y
)
> (1 +
¯
c(α))ν(A).
In this case, we say that Y is a domain of (
¯
c,
¯
k)-asymptotic expansion.
For a fixed finite symmetric S ⊂ Γ, we say that Y is a domain of (
¯
c, S)-asymptotic
expansion if for every α ∈ (0, 12] and measurable subset A ⊆ X with αν(X) ≤ ν(A) ≤
ν(X)
2 , we have ν
(
(S · A) ∩ Y
)
> (1 +
¯
c(α))ν(A). We also say that Y is a domain of
S-asymptotic expansion if it is a domain of (
¯
c, S)-asymptotic expansion for some
function
¯
c.
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Obviously if ν(X) is finite, then X is a domain of (asymptotic) expansion if and
only if ρ is (asymptotically) expanding inmeasure. In particular, all the statements
that are true for domains of (asymptotic) expansion are also true for actions that
are (asymptotically) expanding in measure.
The following technical lemma is an elementary but useful observation that
will allow us to deal more easily with subsets of measure greater than 12ν(Y).
Lemma 3.8. Let Y ⊆ X be a domain of (
¯
c,
¯
k)-asymptotic expansion for a measurable
action Γy (X, ν) on a measure space (X, ν). Then there exist functions
¯
b : [12 , 1) → R>0
and
¯
h : [12 , 1)→N such that for every β ∈ [12 , 1), we have
ν
(
(B
¯
h(β) · A) ∩ Y
)
> (1 +
¯
b(β))ν(A)
for every measurable subset A ⊆ Y with 12ν(Y) ≤ ν(A) ≤ βν(Y). Furthermore, if ¯k ≡ k isconstant, then
¯
h can be chosen to be the same constant k.
Proof. Assume for simplicity that ν(Y) = 1. For every β ∈ [12 , 1), we let
(3.2)
¯
h(β) ≔
¯
k
(1 − β
2
)
.
Given any measurable subset A ⊆ Y with 12 ≤ ν(A) ≤ β, let D ≔ Y r (B¯h(β) · A). If
ν(D) < 1−β2 , then ν
(
(B
¯
h(β) · A) ∩ Y
)
>
1+β
2 ≥
1+β
2β ν(A).
On the other hand if ν(D) ≥ 1−β2 , then it follows from our choice of ¯h(β) that
ν
(
(B
¯
h(β) ·D) ∩ Y
)
> (1 + cβ)ν(D) where cβ ≔ ¯
c
(
1−β
2
)
> 0. Since B
¯
h(β) is symmetric, we
have B
¯
h(β) ·D rD ⊆ B
¯
h(β) · A r A and it follows that
ν
(
(B
¯
h(β) · A rA) ∩ Y
)
≥ ν
(
(B
¯
h(β) ·D) ∩ Y
)
− ν(D) > cβν(D) ≥ cβ
1 − β
2β
ν(A).
Hence, letting
¯
b(β) ≔ min
{
1−β
2β , cβ
1−β
2β
}
yields the desired function
¯
b. The “Further-
more” part is clear from (3.2). 
The following lemma shows that the notion of asymptotic expansion inmeasure
depends only on the measure-class of ν:
Lemma 3.9. Let ν and ν′ be two equivalent (possibly infinite) measures on X, and
ρ : Γy X a measurable action. If Y ⊆ X is a measurable subset of positive finite ν and
ν′-measure, then it is a domain of asymptotic expansion with respect to ν if and only if
it is a domain of asymptotic expansion with respect to ν′.
Proof. Up to rescaling, we can assume that ν(Y) = ν′(Y) = 1. Assume that Y is a
domain of (
¯
c,
¯
k)-asymptotic expansion for ν. For every fixed α′, it follows from
Corollary 2.3 that there exist constants 0 < α ≤ 12 < β < 1 such that α ≤ ν(A) ≤ β
for every measurable A ⊆ Y with α′ ≤ ν′(A) ≤ 12 .
Let
¯
b,
¯
h be the functions obtained in Lemma 3.8, and set k′ ≔
¯
k(α) +
¯
h(β) and
c′ ≔ min{
¯
c(α),
¯
b(β)}. We obtain that for every measurable A ⊆ Y with α′ ≤ ν′(A) ≤
1
2 :
ν
(
(Bk′ · A ∩ Y) r A
)
> c′ν(A) ≥ c′α.
We can then use Corollary 2.3 once again to produce a uniform lower bound on
ν′((Bk′ · A ∩ Y) rA) as well. 
Asymptotic expansion in measure is also preserved under taking subsets:
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Lemma3.10. Letρ : Γy (X, ν) be ameasurable action andY ⊆ Xadomain of asymptotic
expansion. Then any measurable subset Y′ ⊆ Y with ν(Y′) > 0 is a domain of asymptotic
expansion.
Proof. Without loss of generality, we can assume that ν(Y) = 1. Fixing α ∈ (0, ν(Y′)2 ],
we choose an ǫ with ν(Y
′)
2 < ǫ < ν(Y
′) and let β ≔ ν(Y r Y′) + ǫ. If we can show
that there exists a constant k ∈ N such that for any measurable A ⊆ Y′ with
αν(Y′) ≤ ν(A) ≤ ν(Y′)2 , we have ν
(
(Bk · A) ∩ Y
)
> β, it follows that
ν
(
(Bk · A) ∩ Y′
)
> β − ν(Y r Y′) = ǫ ≥ 2ǫ
ν(Y′)
ν(A) =
(
1 +
( 2ǫ
ν(Y′)
− 1
))
ν(A).
Since we chose ǫ > ν(Y
′)
2 , the constant
2ǫ
ν(Y′) − 1 is positive and therefore the proof
would be complete.
It thus remains to find such a k. By Lemma 3.8, there exist k0 ∈ N and b > 0
such that for any measurable A′ ⊆ Y with α ≤ ν(A′) ≤ β, then
ν
(
(Bk0 · A′) ∩ Y
)
> (1 + b)ν(A′) ≥ (1 + b)α.
LetA ⊆ Y′ be anymeasurable subsetwithαν(Y′) ≤ ν(A) ≤ ν(Y′)2 . Ifν
(
(Bk0 ·A)∩Y
)
≤
β, then we have:
ν
(
(B2k0 · A) ∩ Y
)
≥ ν
(
(Bk0 · (Bk0 · A ∩ Y)) ∩ Y
)
> (1 + b)ν((Bk0 · A) ∩ Y) ≥ (1 + b)2α.
Inductively, we see that if ν
(
(Bmk0 · A) ∩ Y
)
≤ β then
ν
(
(B(m+1)k0 · A) ∩ Y
)
≥ (1 + b)m+1α.
Taking the logarithm, we find a m0 ∈ N depending only on α, β and b such that
the constant k ≔ m0k0 satisfies our requirements. 
Remark 3.11. Both Lemma 3.9 and 3.10 fail if one replaces “domain of asymptotic
expansion” by “domain of expansion”. This shows that asymptotic expansion is
more flexible and better-behaved under transformations than regular expansion.
The next lemma shows that for a domain of (
¯
c,
¯
k)-(asymptotic) expansion, by
choosing a larger
¯
k it is always possible to require the function
¯
c to be an arbitrary
constant. This will be used later in our structure result.
Lemma 3.12. Let ρ : Γy (X, ν) be a measurable action on a measure space (X, ν), and
Y ⊆ X a domain. Then:
(1) Y is a domain of expansion if and only if for every c ∈ (0, 1), there exists
k ∈ N such that for every measurable A ⊆ Y with 0 < ν(A) ≤ ν(Y)2 , we have
ν
(
(Bk · A) ∩ Y
)
> (1 + c)ν(A).
(2) Y is a domain of asymptotic expansion if and only if for every c ∈ (0, 1) and
α ∈ (0, 12 ], there exists kα ∈ N such that for every measurable A ⊆ Y with
αν(Y) ≤ ν(A) ≤ ν(Y)2 , we have ν
(
(Bkα · A) ∩ Y
)
> (1 + c)ν(A).
Proof. We only prove (2), a similar proof will imply (1) as well. Moreover, we
only need to show the necessity since the sufficiency is trivial. Without loss of
generality, we can assume ν(Y) = 1.
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Fix c ∈ (0, 1) and α ∈ (0, 12]. By Lemma 3.8, there exist constants b > 0 and h ∈N
such that for every finite measure subset A ⊆ X with α ≤ ν(A) ≤ 1+c2 , we have
ν
(
(Bh · A) ∩ Y
)
> (1 + b)ν(A). Let k ≔ mh where m ≔ ⌈log1+b(1 + c)⌉. Then either
ν
(
(Bk · A) ∩ Y
)
>
1 + c
2
≥ (1 + c)ν(A)
or we deduce by induction on m that
ν
(
(Bk · A) ∩ Y
)
> (1 + b)mν(A) ≥ (1 + c)ν(A).
So the result holds. 
As a directly corollary of Lemma 3.12(1), we recover the following result for
expanding actions (which is already mentioned in Remark 2.5(3)):
Corollary 3.13. A measurable action ρ : Γy (X, ν) of a countable discrete group Γ on a
probability measure space (X, ν) is expanding in measure if and only if for any c ∈ (0, 1),
there exists k ∈ N such that for any measurable subset A ⊆ X with 0 < ν(A) ≤ 12 , we
have ν(∂Γ
k
A) > cν(A).
We conclude this subsection with the following fact showing that the union of
two “big” domains of expansion is still a domain of expansion. Using Lemma 3.8
and 3.12, the proof is elementary and left to the reader.
Lemma 3.14. Let ρ : Γy (X, ν) be a measurable action on a measure space (X, ν), and
Y ⊆ X a domain. Assume that Y1,Y2 ⊆ Y be domains of (c, k)-expansion for some c > 0
and k ∈ N. If ν(Y1) > 34ν(Y) and ν(Y2) > 34ν(Y), then there exists c′ > 0 and k′ ∈ N
such that Y1 ∪ Y2 is a domain of both (c, k′)-expansion and (c′, k)-expansion.
3.3. The case of finitely generated groups. As shown in Lemma 3.12(2), the
parameter function
¯
c in the notion of asymptotic expansion inmeasure can always
be made to be constant. The same cannot be said for the other parameter function
¯
k. In other words, there exist asymptotically expanding action that are not be
S-asymptotically expanding for any finite symmetric S ⊂ Γ:
Example 3.15. Fix ameasurable action of the free group on twogeneratorsρ0 : F2 y
(X, ν) on a probability measure space (X, ν) that is expanding in measure. Let
F∞ ≔ 〈sn | n ∈N〉 be the free group on countably infinite generators and consider
the action ρ : F∞ y
∐
n≥1(X, 2−n · ν) defined as follows: the first two generators
s0, s1 act as ρ0 on every copy of X; for every other n ≥ 2, sn swaps the n-th copy of
X with the (n − 1)-th copy and acts as the identity everywhere else. It is easy to
see that ρ is asymptotically expanding in measure, but for every finite S ⊆ F∞ the
restriction of ρ to the group generated by S is not even ergodic.
However, if the group is finitely generated and the action is measure-class-pre-
serving, it is possible to make the parameter function
¯
k constant. More precisely,
it turns out that asymptotic expansion can always be recognised “in one step”:
Lemma 3.16. Let ρ : Γ y (X, ν) be a measure-class-preserving action on a probability
space (X, ν). If the group Γ is finitely generated and S = S−1 is a finite generating set,
then ρ is asymptotically expanding if and only if it is S-asymptotically expanding.
Proof. The sufficiency is trivial, so we only focus on the necessity. Assume that ρ
is (
¯
c,
¯
k)-asymptotically expanding for appropriate functions
¯
c,
¯
k. We need to show
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that for every fixed α > 0, there exists c′ > 0 such that ν(∂Γ
S
A) > c′ν(A) for every
measurable A ⊆ X with α ≤ ν(A) ≤ 12 .
Let k ≔
¯
k(α) be fixed, and we also fix an ǫ > 0 such that 0 < ǫ < α
¯
c(α). Since ν
is a probability measure, ρ is measure-class-preserving and S is finite, it follows
that there is aD = D(ǫ) large enough so that ν(Sk−1 ·Z(k)
D
) < ǫ, where Z(k)
D
⊆ X is the
measurable set of points x ∈ X satisfying dγ∗ν/dν(x) ≥ D for some γ ∈ Sk−1. We
fix such a constant D > 0.
Let A ⊆ X be a measurable subset with α ≤ ν(A) ≤ 12 , by hypothesis we have
ν(Sk · A) > (1 +
¯
c(α))ν(A). Note that (Sk · A) r A = (Sk−1 · ∂Γ
S
A) r A, hence we have
ν
(
(Sk ·A)rA
)
≤ ν(Sk−1 ·∂ΓSA) ≤ ν
(
(Sk−1 · (∂ΓSArZ(k)D )
)
+ν(Sk−1 ·Z(k)
D
) < |S|k−1Dν(∂ΓSA)+ǫ.
Combining these inequalities, we obtain that
ν(∂ΓSA) > (¯
c(α)ν(A) − ǫ)|S|1−kD−1 ≥ ¯c(α) − ǫ/α
|S|k−1D
ν(A).
Since ǫ < α
¯
c(α), we finish the proof. 
The above result is motivated by [15, Lemma 2.8] and will have further appli-
cations in a subsequent work [17].
Remark 3.17. Note that the “asymptoticity” is crucial in the above result: the
analogous statement for expanding actions is false (it would only be true under
the assumption that the Radon–Nikodym derivatives be bounded). Also note
that Lemma 3.16 is trivially false for domains of (asymptotic) expansion.
4. Structure theorems for strongly ergodic actions
In this section, we introduce a structure theory for strongly ergodic actions. We
divide it in three cases: actions on probability spaces, actions on general σ-finite
measure spaces, and actions by finitely generated groups. Even if they are of
the same spirit, these cases are treated separately because they differ significantly
in the details. Note that these structural results are dynamical analogues of a
structure theory first developed for asymptotic expanders [15].
4.1. Maximal Følner sets. The proof of the structure results relies on the existence
of “maximal” Følner sets. This is an adaptation of a technique introduced in [15]
to study finite metric spaces. It is worth pointing out that the existence of such
sets is less obvious in the current dynamical setting. Furthermore, we also need
to prove a slightly more technical result which is necessary to deal with spaces of
infinite measure.
As Amine Marrakchi pointed out to us, it turns out that this sort of maximality
arguments is used fairly often by von Neumann algebraists, and appear to go all
the way back to von Neumann himself. In particular, the lemmas that we prove
in this section are very similar to some results used in the proof of [13, Theorem
3.5].
Definition 4.1. Let ρ : Γ y (X, ν) be a measurable action of a countable discrete
groupΓon ameasure space (X, ν),Y ⊆ X adomain, ǫ > 0 and k ∈Nbefixed. Given
a measurable subset Z ⊆ Y, an (ǫ, k)-Følner set in Y relative to Z is a measurable
subsetA ⊆ YrZ such that ν(A) ≤ 12ν(Y) and ν((∂ΓkA∩Y)rZ) ≤ ǫν(A). When Z = ∅,
such an A is also called an (ǫ, k)-Følner set in Y. When ν is finite and the domain Y
is not specified, we assume that it is the whole of X.
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Let Z ⊆ Y be a fixed measurable subset, ǫ > 0 and k ∈N be some constants. We
consider the family of all (ǫ, k)-Følner sets in Y relative to Z:
F Zǫ,k ≔
{
F ⊆ Y r Z
∣∣∣ 0 ≤ ν(F) ≤ 1
2
ν(Y), ν((∂ΓkF ∩ Y) r Z) ≤ ǫν(F)
}
and its quotientF Z
ǫ,k
/ ∼, where F ∼ F′ if they coincide up to null-sets. The inclusion
induces a partial ordering on F Z
ǫ,k
/ ∼, where [F] ⊑ [F′] if F ⊆ F′ up to null-sets.
Note that F Z
ǫ,k
/ ∼ is always non-empty, as it contains the empty set.
Lemma 4.2. The partially ordered set (F Z
ǫ,k
/ ∼,⊑) has maximal elements.
Proof. Choose any F0 ∈ F Zǫ,k and let β0 ≔ sup{ν(F) | F ∈ F Zǫ,k and F0 ⊆ F} ≤
ν(Y)
2 . We
recursively choose subsets Fn ∈ F Zǫ,k such that Fn−1 ⊆ Fn and ν(Fn) > βn−1− 1n , where
βn ≔ sup{ν(F) | F ∈ F Zǫ,k and Fn ⊆ F} (notice that βn+1 ≤ βn ≤ ν(Y)2 ).
If we have βn = ν(Fn) for some n ∈N, we can stop the recursive process because
it follows that [Fn] is maximal in F Zǫ,k/ ∼. Otherwise, we obtain an increasing
sequence of measurable subsets F0 ⊆ F1 ⊆ F2 ⊆ · · · . Let F ≔
⋃
n∈N Fn. Since
(∂Γ
k
Fn r F) ⊆ (∂ΓkFn+1 r F) for every n ∈N, we know that ∂ΓkF =
⋃
n∈N(∂
Γ
k
Fn r F) is an
increasing countable union. Hence we have
ν((∂ΓkF∩Y)rZ) = limn→∞ ν((∂
Γ
kFn∩Y)rFrZ) ≤ limn→∞ ν((∂
Γ
kFn∩Y)rZ) ≤ limn→∞ ǫν(Fn) = ǫν(F),
which implies that F ∈ F Z
ǫ,k
. Moreover, [F] is maximal in F Z
ǫ,k
/ ∼ because ν(Fn)
approaches βn as n grows to infinity and hence any strictly larger set cannot be
Følner. 
With an abuse of notation, wewill refer to F ∈ F Z
ǫ,k
as being amaximal (ǫ, k)-Følner
set (in Y relative to Z) if its equivalence class [F] is maximal in F Z
ǫ,k
/ ∼.
Remark 4.3. Note that if the action is notmeasure-class-preserving, the setF Z
ǫ,k
may
not be closed under measure-zero perturbations. More precisely, it may well be
that two sets coincide up to measure-zero but have largely different boundaries.
The following lemma is simple but essential.
Lemma 4.4. Let Γy (X, ν) be a measurable action, Z ⊆ Y ⊆ X domains, ǫ ∈ (0, 1) and
k ∈ N. If Fǫ,k ⊆ Y r Z is a maximal (ǫ, k)-Følner set in Y relative to Z, then for every
measurable subset A ⊆ Y r (Fǫ,k ∪ Z) with 0 < ν(A) ≤ 12ν(Y) − ν(Fǫ,k) we have
ν
(
(∂ΓkA ∩ Y) r (Fǫ,k ∪ Z)
)
> ǫν(A).
Proof. Given such an A ⊆ Y r (Fǫ,k ∪ Z), we have ν(Fǫ,k) < ν(A ⊔ Fǫ,k) ≤ 12ν(Y).
Furthermore, we have
(∂Γk (A ⊔ Fǫ,k) ∩ Y) r Z ⊆
(
(∂ΓkA ∩ Y) r (Fǫ,k ∪ Z)
)
∪
(
(∂ΓkFǫ,k ∩ Y) r Z
)
.
By the maximality of Fǫ,k, it follows that
ǫν(A⊔Fǫ,k) < ν
(
(∂Γk (A⊔Fǫ,k)∩Y)rZ
)
≤ ν
(
(∂ΓkA∩Y)r (Fǫ,k∪Z)
)
+ν
(
(∂ΓkFǫ,k∩Y)rZ
)
,
which finishes the proof because ν
(
(∂Γ
k
(Fǫ,k) ∩ Y) r Z
)
≤ ǫν(Fǫ,k) by the hypothesis.

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4.2. Structure Theorem for probability spaces. Before we state the structure
theorem for action on probability spaces, let us introduce the following “localised”
version as a main technical step:
Proposition 4.5. Let Γy (X, ν) be a measurable action of a countable discrete group Γ
on a measure space (X, ν) and Y ⊆ X a domain of asymptotic expansion. Let c ∈ (0, 1) be
any fixed constant and (Zn)n∈N a sequence of nested subsets of Y with ν(Zn) → 0. Then
there exist N0 ∈ N, a sequence of natural numbers (kn)n>N0 and an exhaustion Yn ր Y
by domains of (c, kn)-expansion such that Yn ⊆ Y r Zn for every n > N0.
Proof. Without loss of generality, we assume that ν(Y) = 1. Since ν(Zn)→ 0, there
exists N0 ∈N such that for each n > N0, we have
ν(Zn) <
c2
8(c + 1)
.
We also fix a sequence (αn)n>N0 such that
0 < αn <
2
c
ν(Zn).
By Lemma 3.12(2), there exists a sequence of natural numbers (kn)n>N0 such that
for everymeasurable subsetA ⊆ Ywith αn ≤ ν(A) ≤ 12 , we have ν(∂ΓknA∩Y) > cν(A).
By Lemma 4.2, for every n > N0 there is amaximal ( c2 , kn)-Følner set Fn inY relative
to Zn. We claim that the sets Y¯n ≔ Y r (Zn ⊔ Fn) are domains of ( c2 , kn)-expansion
such that ν(Y¯n)→ 1.
We begin by showing that for every n > N0:
(4.1) ν(Fn) <
2
c
ν(Zn),
which implies that ν(Y¯n)→ 1. Note that
(4.2) ν(∂ΓknFn ∩ Y) ≤ ν((∂ΓknFn ∩ Y) r Zn) + ν(Zn) ≤
c
2
ν(Fn) + ν(Zn).
By the choice of kn, if we had ν(Fn) ≥ 2cν(Zn) then we would have ν(∂ΓknFn ∩ Y) >
cν(Fn). Combined with (4.2), this would imply ν(Fn) < 2cν(Zn), contradicting the
assumption that ν(Fn) ≥ 2cν(Zn).
We now show that Y¯n is a domain of ( c2 , kn)-expansion for every n > N0. Fix
any measurable An ⊆ Y¯n with 0 < ν(An) ≤ 12ν(Y¯n). If ν(An) ≤ 12 − ν(Fn), it follows
from Lemma 4.4 that ν(∂Γ
kn
An ∩ Y¯n) > c2ν(An) and we are done. Assume now that
ν(An) > 12 − ν(Fn). By (4.1), 12 − ν(Fn) > 12 − 2cν(Zn). Since ν(Zn) ≤ c
2
8(c+1) <
c
8 , we also
have 12 − 2cν(Zn) > 2cν(Zn) ≥ αn. Again, we deduce by the definition of kn that
ν(∂ΓknAn ∩ Y¯n) ≥ ν(∂ΓknAn ∩ Y) − ν(Zn ⊔ Fn) > cν(An) − ν(Zn ⊔ Fn).
Since ν(Fn) < 2cν(Zn) and ν(Zn) <
c2
8(c+1) , elementary calculation shows that
ν(Zn ⊔ Fn) = ν(Zn) + ν(Fn) < c2
(1
2
− ν(Fn)
)
<
c
2
ν(An),
which implies that
ν(∂ΓknAn ∩ Y¯n) > cν(An) −
c
2
ν(An) =
c
2
ν(An).
We thus proved our claim. To have an exhaustion it remains to find an increasing
sequence of domains. EnlargingN0 if necessary, we can assume that ν(Y¯n) > 34 for
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every n > N0 and set Yn ≔
⋃n
p=N0+1 Y¯p. Finally, applying Lemma 3.14 we can find
k′n such that Yn is a domain of (c, k
′
n)-expansion. 
The following is the structure theorem for asymptotically expanding actions on
probability spaces. When the action is measure-class-preserving (and thus strong
ergodicity is defined), we obtain as a special case a structure result for strongly
ergodic actions.
Theorem 4.6. Let ρ : Γy (X, ν) be a measurable action of a countable discrete group on
a probability space (X, ν). Then the following are equivalent:
(1) ρ is asymptotically expanding in measure;
(2) every Y ⊆ X of positive measure admits an exhaustion by domains of expansion;
(3) X admits an exhaustion by domains of expansion;
(4) X admits an exhaustion by domains of asymptotic expansion;
If ρ is measure-class-preserving, the above conditions are also equivalent to:
(5) ρ is strongly ergodic.
Proof. Since any positive measure subset of a domain of asymptotic expansion
is a domain of asymptotic expansion (Lemma 3.10), “(1) ⇒ (2)′′ follows from
Proposition 4.5 by setting Zn = ∅. “(2) ⇒ (3) ⇒ (4)” are trivial, and “(1) ⇔ (5)′′
for measure-class-preserving actions is the statement of Proposition 3.5.
“(4)⇒ (1)”: Let Yn ր X be an exhaustion by domains of asymptotic expansion.
Ifρwere not asymptotically expanding inmeasure, therewould be anα0 ∈ (0, 1/2),
a sequence of measurable subsets {Am}m∈N in X with α0 ≤ ν(Am) ≤ 1/2 such that
ν(Bm · Am) < (1 + 1/m)ν(Am). On the other hand, if n is large enough so that
ν(Yn) ≥ 1 − α02 , then α02 ≤ ν(Am ∩ Yn) ≤ 12−α0ν(Yn) for every m ∈N.
Fix such an n. Since Yn is a domain of asymptotic expansion, it follows from
Lemma 3.8 that there is some ǫ > 0 and k ∈N such that
ν((Bk · Am) ∩ Yn) > (1 + ǫ)ν(Am)
for every m. For m≫ 1, this is a contradiction to ν(Bm · Am) < (1 + 1/m)ν(Am). 
As adirect corollary to Proposition 4.5 andTheorem4.6, we obtain the following
quantitative version:
Corollary 4.7. Let Γy (X, ν) be a measurable action of a countable discrete group Γ on
a probability space (X, ν). Then it is asymptotically expanding in measure if and only if
for every c ∈ (0, 1) there exist a sequence (kn)n∈N and an exhaustion Yn ր X by domains
of (c, kn)-expansion.
4.3. Structure Theorem for generalmeasure spaces. In this subsection, we prove
a structure theorem for strongly ergodic actions on general measure spaces. As
a consequence, we give a more direct characterisation of strong ergodicity and
clarify its relation with the notion of local spectral gap by reproving a result of
Marrakchi [19].
Let us start with the following auxiliary lemma, inspired by [5, Remark 1.3 (4)]:
Lemma 4.8. Let ρ : Γy (X, ν) be a measure-class-preserving action on a measure space
(X, ν), and Y ⊆ X a domain of asymptotic expansion. If H ⊆ Γ is a finite subset such that
ν(H · Y) is finite, then H · Y is also a domain of asymptotic expansion.
Proof. LetY be a domain of (
¯
c,
¯
k)-asymptotic expansion and assumewithout loss of
generality that ν(H ·Y) = 1. Fix any α0 ∈ (0, 12]. Since ρ is measure-class-preserving
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and H is finite, there is a constant α > 0 such that for every γ ∈ H and A ⊆ γ · Y
with ν(A) ≥ α0|H| , we have ν(γ−1 ·A) ≥ α. Furthermore, since ν(H ·Y) = 1 there exists
a constant β < ν(Y) large enough so that for every A ⊆ Y with ν(A) > β we have
ν(H · A) > 23 .
Taking k ∈ N large enough such that H ⊆ Bk, it follows by construction that
for every measurable A ⊆ H · Y with α0 ≤ ν(A) ≤ 12 , we have that (Bk · A) ∩ Y has
measure at least α. If ν((Bk · A) ∩ Y) > β, then
(4.3) ν
(
(B2k ·A)∩ (H ·Y)
)
≥ ν
(
H · ((Bk ·A)∩Y)∩ (H ·Y)
)
>
2
3
ν(H ·Y) ≥
(
1+
1
3
)
ν(A).
Otherwise, set A′ ≔ (Bk · A) ∩ Y and note that α ≤ ν(A′) ≤ β. It follows by
Lemma 3.8 that there exist k1 ∈ N and b > 0 depending only on ¯k, ¯c, α and β suchthat ν((Bk1 · A′) ∩ Y) > (1 + b)ν(A′). Since(
(Bk1 · A′) ∩ Y
)
r A′ ⊆
(
(Bk1 · (Bk · A)) ∩ Y
)
r A ⊆
(
(Bk1+k · A) ∩ (H · Y)
)
r A,
we see that
(4.4) ν
(
(Bk1+k · A) ∩ (H · Y)
)
≥ ν(A) + ν
(
((Bk1 · A′) ∩ Y) r A′
)
>
(
1 + 2αb
)
ν(A).
Combining (4.3) and (4.4) proves the lemma. 
The following is the structure theorem for strongly ergodic actions on general
measure spaces:
Theorem 4.9. Let ρ : Γ y (X, ν) be a measure-class-preserving action of a countable
discrete group Γ on a σ-finite measure space (X, ν). The following are equivalent:
(1) ρ is strongly ergodic;
(2) X admits an exhaustion by domains of expansion;
(3) X admits an exhaustion by domains of asymptotic expansion;
(4) every finite measure subset is a domain of asymptotic expansion;
(5) every finite measure subset admits an exhaustion by domains of expansion;
(6) ρ is ergodic and X admits a domain of expansion;
(7) ρ is ergodic and X admits a domain of asymptotic expansion.
Proof. “(1)⇒ (2)”: Let ν′ be a fixed probability measure on X equivalent to ν, then
ρ : Γ y (X, ν′) is asymptotically expanding in measure by Proposition 3.5. For
any n ∈ N, let Xn ⊆ X be the set of points where the Radon–Nikodym derivative
dν
dν′ is bounded between
1
n
and n:
Xn ≔
{
x ∈ X
∣∣∣∣ 1
n
≤ dν
dν′
(x) ≤ n
}
.
Then Xn ր X is an exhaustion of X by subsets of finite measure (with respect
to both ν and ν′). Since ν′ is finite, the sets Zn ≔ X r Xn satisfy ν′(Zn) → 0. By
Proposition 4.5, there exist an N0 ∈ N and an exhaustion Yn ր X with n > N0 by
domains of expansion for ρ : Γy (X, ν′) such that Yn ∩ Zn = ∅ for all n > N0. We
claim that the sets Yn are domains of expansion for ρ : Γy (X, ν) as well.
Fix n > N0 and let A ⊆ Yn be a measurable subset with 0 < ν(A) ≤ 12ν(Yn). Since
Yn ⊆ Xn, it follows that
ν′(Yn r A) ≥ 1
n
ν(Yn rA) ≥ 12nν(Yn) ≥
1
2n2
ν′(Yn),
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which implies that ν′(A) ≤ (1 − 12n2 )ν′(Yn). Applying Lemma 3.8, there exist
constants b > 0 and k ∈N independent of A such that ν′(∂Γ
k
A∩Yn) > bν′(A). Since
the Radon–Nikodym derivative is uniformly bounded on Yn, we deduce that
ν(∂ΓkA ∩ Yn) >
b
n2
ν(A).
Hence Yn is a domain of expansion for ρ : Γy (X, ν) as well.
“(2)⇒ (3)” is obvious.
“(3) ⇒ (1)”: Let ν′ be a probability measure on X equivalent to ν, and Yn ր X
be an exhaustion by domains of asymptotic expansion. Then Yn ր X is an
exhaustion with respect to ν′ as well. Furthermore, we deduce by Lemma 3.9 that
Yn ր X is actually an exhaustion by domains of asymptotic expansion for ν′. It
then follows from Theorem 4.6 that ρ : Γy (X, ν′) is asymptotically expanding in
measure, hence is strongly ergodic by Proposition 3.5. So condition (1) holds.
“(1) ⇒ (4)”: Let Y ⊆ X be any finite measure subset, and choose a probability
measure ν′ that is equivalent to ν. By Proposition 3.5, Γy (X, ν′) is asymptotically
expanding in measure and hence (Y, ν′) is a domain of asymptotic expansion by
Lemma 3.10. It follows from Lemma 3.9 that (Y, ν) is a domain of asymptotic
expansion as well.
“(4)⇒ (5)” follows from Proposition 4.5.
“(5) ⇒ (6)”: It suffices to show that the action ρ is ergodic. If not, then there
exists a non-trivial decomposition ofX into two Γ-invariantmeasurable subsetsX1
andX2. Choose a finite measure subset Y ⊆ Xwith ν(Y∩X1) > 0 and ν(Y∩X2) > 0.
Condition (5) implies that Y admits an exhaustion by domains of expansion.
Hence there exists a domain Y′ ⊆ Y of expansion such that ν(Y′ ∩ X1) > 0 and
ν(Y′∩X2) > 0, andwithout loss of generalitywe can assume that ν(Y′∩X1) ≤ 12ν(Y′).
However, note that for any subset K ⊆ Γ, we have
(
K · (Y′∩X1)r (Y′∩X1)
)
∩Y′ = ∅
since X1 is Γ-invariant. Hence Y′ cannot be a domain of expansion, which is a
contradiction.
“(6)⇒ (7)” is obvious.
“(7) ⇒ (3)”: As n grows, the sets Bn · Y are an exhaustion of (X, ν) because ρ is
ergodic. Since the action is measure-class-preserving, we can find an exhaustion
Y′n ր Y such that ν(Bn ·Y′n) is finite for everyn and (Bn ·Y′n)ր (X, ν). ByLemma3.10,
each Y′n is a domain of asymptotic expansion, and hence Bn · Y′n is a domain of
asymptotic expansion by Lemma 4.8. 
Note that the proof for “(1) ⇒ (2)” of Theorem 4.9 actually shows that strong
ergodicity implies that everymeasurable subset admits an exhaustion by domains
of expansion (even if it has infinite measure). This can also be deduced from (5)
with a simple diagonal argument.
Also note that (just as in Corollary 4.7) Lemma 3.12 implies that all the domains
in Theorem 4.9 can be assumed to be of (c,
¯
k)-(asymptotic) expansion for some
fixed constant c ∈ (0, 1). However, the parameter function
¯
kwill generally depend
on the specific domain and the choice of c.
Finally, we record that the implication “(6) ⇒ (1)” of Theorem 4.9 is a direct
generalisation of the implication “(4)⇒ (5)” of [5, Theorem 7.6], while “(1)⇔ (6)”
is a generalisation of [19, Theorem A]. More precisely, recall that Y ⊆ X is a
domain of expansion for a measure-preserving action if and only if the action has
local spectral gapwith respect to Y ([11, Lemma 5.2]). Hence, Theorem 4.9 implies
the following:
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Corollary 4.10 ([19, Theorem A]). A measure-preserving ergodic action ρ : Γy (X, ν)
of a countable discrete group Γ on a σ-finite measure space (X, ν) is strongly ergodic if
and only if it has local spectral gap with respect to a domain Y ⊆ X.
4.4. Structure Theorem for actions by finitely generated groups. Aswe showed
in Section 3.3, when groups are finitely generated the notion of asymptotic expan-
sion in measure can be recognised “in one step” (Lemma 3.16). This observation
leads to another version of the structure theorem forprobability spaces. Intuitively
speaking, the objective of this subsection is to gain control on the parameter
¯
k at
the cost of the control we have on
¯
c.
The key technical result is the following analogue of Proposition 4.5:
Proposition 4.11. Let Γy (X, ν) be a measurable action of a countable discrete group
Γ on a measure space (X, ν) and Y ⊆ X a domain of (
¯
c, S)-asymptotic expansion. Let
(Zn)n∈N be a sequence of nested subsets of Y with ν(Zn)→ 0. Then there exist N0 ∈N, a
sequence (cn)n>N0 and an exhaustion Yn ր Y by domains of (cn, S)-expansion such that
Yn ⊆ Y r Zn for every n > N0.
Proof. Without loss of generality, we assume that ν(Y) = 1. Form ≥ 2, let cm ≔ ¯c(
1
m
)
and let N0 be large enough so that ν(Zn) ≤ c24 for every n > N0. Since ν(Zn) → 0,
it is possible to choose for each n > N0 a natural number m(n) ≥ 2 in such a way
that the sequence m(n) is non-decreasing, m(n)→∞, and
ν(Zn) ≤
cm(n)
2m(n)
for every n > N0.
For every n ≥ N0, let Fn be a maximal ( cm(n)2 , S)-Følner set in Y relative to Zn.
We claim that the sets Y¯n ≔ Y r (Zn ⊔ Fn) are domains of S-expansion such that
ν(Y¯n)→ 1. Note that
(4.5) ν(∂ΓSFn ∩ Y) ≤ ν((∂ΓSFn ∩ Y) r Zn) + ν(Zn) ≤
(ν(Fn)
2
+
1
2m(n)
)
cm(n).
If ν(Fn) ≥ 1m(n) , then by the hypothesis we have ν(∂ΓSFn ∩ Y) > cm(n)ν(Fn). Together
with (4.5) this implies that ν(Fn) < 1m(n) , which is a contradiction. Hence we must
always have ν(Fn) < 1m(n) . In particular, it follows that ν(Y¯n)→ 1.
To show that Y¯n is a domain of S-expansion, we fix anyAn ⊆ Y¯n with 0 < ν(An) ≤
1
2ν(Y¯n). If ν(An) ≤ 12 −ν(Fn), it follows from Lemma 4.4 that ν(∂ΓSAn∩ Y¯n) >
cm(n)
2 ν(An)
and we are done. If 12 − ν(Fn) < ν(An), then 12 − 1m(n) < ν(An) ≤ 12 . Thus we have:
ν(∂ΓSAn ∩ Y¯n) ≥ ν(∂ΓSAn ∩ Y) − ν(Zn ⊔ Fn) > ¯c
(1
2
− 1
m(n)
)
−
[ 1
m(n)
+
cm(n)
2m(n)
]
.
As ngoes to infinity
¯
c
(
1
2− 1m(n)
)
stays bounded away from zero, while 1
m(n)+
cm(n)
2m(n) → 0.
Enlarging N0 if necessary, we can find c′ > 0 such that for any n > N0 we have
ν(∂Γ
S
An ∩ Y¯n) > c′ ≥ 2c′ν(An). Combining the above two cases, we obtain that Y¯n is
a domain of S-expansion for every n > N0. Finally, we can obtain an exhaustion
by applying Lemma 3.14. This completes the proof. 
It is worthwhile pointing out that in some instances it is very useful to upgrade
(
¯
c,
¯
k)-asymptotic expansion to (
¯
c′, S)-asymptotic expansion. Proposition 4.11 is an
important tool in our forthcoming work [17].
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Combining Lemma 3.16, Theorem 4.6 and Proposition 4.11, we obtain a second
quantitative version of the structure result for finitely generated group actions
(compare with Corollary 4.7):
Corollary 4.12. Let Γ = 〈S〉 be a group generated by a finite symmetric set S and let
ρ : Γy (X, ν) be a measure-class-preserving action on a probability space (X, ν). Then ρ
is asymptotically expanding in measure if and only if there exists an exhaustion Yn ր X
by domains of S-expansion.
5. Strong ergodicity in homogeneous dynamical systems
The aim of this section is to show that for “sufficiently homogeneous” actions,
strong ergodicity is equivalent to expansion in measure. More precisely, recall
that an automorphism of a group action ρ : Γ y (X, ν) is a measure-preserving
transformation λ : (X, ν) → (X, ν) that commutes with ρ. For our purposes, the
relevant notion of “sufficiently homogeneous” is that the group of automorphisms
of ρ acts ergodically on (X, ν). In particular, the results of this section will apply
to actions that commute with some measure-preserving ergodic action.
The heuristic reason to consider the above assumption is provided by the struc-
ture theorem. More precisely if the action ρ : Γ y (X, ν) is strongly ergodic but
not expanding in measure, it follows from Theorem 4.6 that there exists an ex-
haustion by domains of expansion Yn ր X. Hence any sequence of measurable
subsets Ak with ν(Ak) ≤ 12 and ν(Ak△γAk) → 0 cannot be contained into any of
the Yn. However, using the ergodic action (X, ν) x Λ we can “almost” transfer
Ak back into Yn. Since the Λ-action is measure-preserving and commutes with
ρ, these new sets will satisfy the same properties and we should hence obtain a
contradiction. We should remark that, to a varying extent, this phenomenon was
already observed by other authors (e.g., [1, Theorem 4] and [6, Lemma 10]). In
particular, the main result of this section can be seen as an effective version of [6,
Lemma 10]:
Theorem 5.1. Let ρ : Γy (X, ν) be a measurable action of a countable discrete group Γ
on a probability space (X, ν), and (X, ν)x Λ an ergodic measure-preserving action of a
group Λ which commutes with ρ. If there exist 0 < α0 ≤ 14 , c > 0 and a finite symmetric
subset S ⊆ Γ such that
ν(∂ΓSA) > cν(A)
for every A ⊆ X with α0 ≤ ν(A) ≤ 12 , then Γy (X, ν) is S-expanding in measure.
Proof. For each α ∈ (0, 14], let
(5.1)
¯
c(α) ≔ inf
{ν(∂Γ
S
A)
ν(A)
∣∣∣ A ⊆ X, α ≤ ν(A) ≤ 1
2
}
.
By assumption, we have
¯
c(α0) ≥ c. We will show that there exists an ǫ > 0
(depending only on α0) such that ¯
c(α) ≥ ǫ
¯
c(α0) for every 0 < α ≤ 12 . This implies
that the Γ-action is (ǫ′c, S)-expanding in measure for every ǫ′ < ǫ. Since
¯
c is a
non-decreasing function, it is enough to investigate its behaviour as α → 0. We
will show that existence of the Λ-action implies that
¯
c(α) cannot decrease too
quickly as α goes to zero.
We begin by noting that
max
0<α≤ 14
1 −
√
1 − α
α
= 4 − 2
√
3 < 1
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and we fix a δ > 0 such that 4 − 2
√
3 < δ < 1. We are now going to produce a
lower bound on
¯
c(δα) in terms of
¯
c(α).
Fix 0 < α ≤ 14 and consider a measurable subset A ⊆ X with δα ≤ ν(A) ≤ 14 .
Since (X, ν)x Λ is ergodic and measure-preserving, it follows that
inf
λ∈Λ
ν(A ∩ (A · λ)) ≤ ν(A)2
and hence
(5.2) sup
λ∈Λ
ν(A ∪ (A · λ)) = sup
λ∈Λ
[
2ν(A) − ν(A ∩ (A · λ))
]
≥ 2ν(A) − ν(A)2.
The equation ν(A)2 − 2ν(A) + α = 0 has solutions 1 ±
√
1 − α. By the choice of δ it
follows that 1 −
√
1 − α < δα ≤ ν(A) ≤ 14 < 1 +
√
1 − α and hence we obtain that
2ν(A) − ν(A)2 > α.
Since the actions Γy Xx Λ commute, we see that ∂Γ
S
(A · λ) = (∂Γ
S
A) · λ. Since
ν is Λ-invariant, it follows that ∂Γ
S
(A · λ) and ∂Γ
S
A have the same measure. Note
that for every pair of measurable sets C1,C2 ⊆ X we have
ν(∂ΓS(C1 ∪ C2)) ≤ ν(∂ΓSC1) + ν(∂ΓSC2) − ν(∂ΓS(C1 ∩ C2)).
In particular, for every δα ≤ ν(A) ≤ 14 we have
2ν(∂ΓSA) ≥ sup
λ∈Λ
[
ν(∂ΓSA) + ν(∂
Γ
S(A · λ)) − ν
(
∂ΓS(A ∩ (A · λ))
)]
≥ sup
λ∈Λ
ν
(
∂ΓS(A ∪ (A · λ))
)
≥ sup
λ∈Λ ¯
c(α)ν(A ∪ (A · λ))
≥
¯
c(α)ν(A)(2 − ν(A)),
where we used (5.2) for the last two inequalities. Note that the second-to-last
inequality holds because ν(A∪ (A · λ)) ≤ 12 : this is where we need the assumption
ν(A) ≤ 14 .
Now, either
¯
c(δα) =
¯
c(α) or the infimum (5.1) in the definition of
¯
c(δα) can be
approached by those A ⊆ Xwith δα ≤ ν(A) < α. In either case, it follows from the
above argument that
(5.3)
¯
c(δα) ≥
(
1 − α
2
)
¯
c(α)
for every 0 < α ≤ 14 . In turn, we can recursively obtain a bound on ¯c(δ
nα0) in terms
of
¯
c(α).
To complete the proof of Theorem 5.1 it is enough to find a lower bound for
the sequence (
¯
c(δnα0))n∈N. A recursive application of (5.3) reduces the problem
to some elementary computations. In particular, we can complete the proof by
applying the following lemma with constants C ≔ α02 and a0 ≔ ¯
c(α0). 
Lemma 5.2. Let δ < 1, 0 < C < 1, and a0 > 0. Then there exists Φ > 0 depending only
on δ and C such that the recursively defined sequence
an+1 ≔ (1 − δnC)an
satisfies an ≥ Φa0 for every n ∈N.
Proof of Lemma 5.2. For every n ≥ 1 we see that
an = a0
n∏
k=1
(1 − δkC)
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and therefore
log(an) = log(a0) +
n∑
k=1
log(1 − δkC).
By the Taylor expansion of the logarithm,
n∑
k=1
log(1 − δkC) =
n∑
k=1
∑
j≥1
− (δ
kC) j
j
>
∑
k∈N
∑
j≥1
−(δkC) j =
∑
j≥1
− C
j
1 − δ j
and the latter is bounded below from −(1 − δ)−1(1 − C)−1. The claim follows by
letting Φ ≔ exp(−(1 − δ)−1(1 − C)−1). 
Remark 5.3. Our proof of Theorem 5.1 is inspired by analogous results in the
setting of graphs [15, Section 7], where it is proved that sequences of (bounded
degree) vertex-transitive graphs are asymptotic expanders if and only if they are
genuine expanders. In the current setting, the existence of an ergodic commuting
measure-preserving action is the dynamical analogue of vertex-transitivity.
The discretisation procedure introduced in [26] provides more intuition for this
analogy. Automorphisms of an action Γy (X, ν) induce (coarse) automorphisms
of the associated approximating graphs (see Definition 6.7 below), and ergodicity
of the automorphism group implies (coarse) transitivity for said graphs. On the
other hand, it is usually the case that asymptotic expansion (resp. expansion) for
actions is equivalent to asymptotic expansion (resp. expansion) for the approxi-
mating graphs (see Section 6). Using this correspondence, Theorem 5.1 should be
regarded as an analogue of [15, Theorem 7.2].
However, we should point out that Theorem 5.1 does not follow from the results
in [15]. The fact thatmeasurable automorphismsgive rise to coarse automorphisms
of graphs turn out to be substantial difficulty. This forced us to use a more refined
(and considerably more involved) argument than that of [15, Theorem 7.2].
Combining Proposition 3.5 with Theorem 5.1, we recover the following:
Corollary 5.4 ([6, Lemma 10]). Let ρ : Γ y (X, ν) be a measure-preserving action of
a countable discrete group Γ on a probability space (X, ν), and (X, ν) x Λ an ergodic
measure-preserving action of a group Λ which commutes with ρ. Then ρ is strongly
ergodic if and only if it is expanding in measure.
As already noted in [6], the above corollary generalises [1, Proposition 3.1]
(which is the key ingredient in the proof of [1, Theorem 4]):
Corollary 5.5 ([1, Proposition 3.1]). Let G be a compact group with a Haar measure m
and Γ < G a countable subgroup. Then the action by left-multiplication Γy (G,m) is
strongly ergodic if and only if it has a spectral gap.
Proof. The action of right multiplication (G,m) x G is measure-preserving, er-
godic and commutes with left multiplications. 
6. (Asymptotic) expansion on measured metric spaces and approximations
The aim of this section is to extend the discretisation technique introduced in
[26] and show that the notion of asymptotic expansion in measure is indeed the
dynamical analogue of asymptotic expansion for sequences of finite metric spaces
as defined in [16].
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6.1. Measured asymptotic expanders. Instead of considering ordinary asymp-
totic expanders (Definition 2.12), it will bemore natural towork on theirmeasured
counterparts.
By a probability metric space T ν we simply mean a finite or countably infinite
discrete metric space T equipped with a probability Borel measure ν on T (note
that we usually omit the metric in the notation). For simplicity, we also write
|A|ν ≔ ν(A) for A ⊆ T ν.
As a measured version for asymptotic expanders (see Definition 2.12), we intro-
duce the following:
Definition 6.1. A probability metric space T ν is called a measured asymptotic ex-
pander if there are functions
¯
c : (0, 12] → R>0 and ¯k : (0,
1
2] → N such that for every
α ∈ (0, 12], we have |N
¯
k(α)(A)|ν > (1 + ¯c(α))|A|ν
for every subsetA ⊆ T with α ≤ |A|ν ≤ 12 . In this case, we say that T ν is ameasured
(
¯
c,
¯
k)-asymptotic expander.
A sequence of probabilitymetric spaces {T νnn }n∈N is called a sequence ofmeasured
asymptotic expanders if there are functions
¯
c : (0, 12] → R>0 and ¯k : (0,
1
2] → N such
that each T νnn is a measured (¯c, ¯k)-asymptotic expander. In this case, we say that{T νnn }n∈N is a sequence of measured (¯c, ¯k)-asymptotic expanders.
Remark 6.2. The above definition makes sense also for general (non necessarily
countable and discrete) probability metric spaces. We do not need this level of
generality in this work.
We collect in the following lemma a few basic results about measured asymp-
totic expanders. These are analogues of Lemma 3.8 and Lemma 3.12(2) respec-
tively. The same proofs work mutatis mutandis, and are hence omitted.
Lemma 6.3. Let {T νnn }n∈N be a sequence of measured (¯c, ¯k)-asymptotic expanders. Then:
(1) There are functions
¯
b : [12 , 1) → R>0 and ¯h : [
1
2 , 1) → N depending on ¯c and ¯k
such that for every β ∈ [12 , 1), we have
|N
¯
h(β)(A)|ν > (1 + ¯b(β))|A|ν
for every n ∈ N and A ⊆ T νnn with 12 ≤ |A|ν ≤ β. If ¯k is constant, ¯h can be takento be the same constant.
(2) For every c ∈ (0, 1) there exists
¯
k′ : (0, 12] → N such that {T νnn }n∈N is a sequence
of measured (c,
¯
k′)-asymptotic expanders.
Definition 6.4. A sequence of probability metric spaces {T νnn }n∈N has uniformly
bounded measure ratios if there exists Q ≥ 1 such that
1
Q
≤ |v|νn|w|νn
≤ Q
for every pair of points v,w ∈ Tn and n ∈N.
Note that probability metric spaces with uniformly bounded measure ratios
must be finite. Also note that in this case, the cardinalities |Tn| go to infinity if
and only if the measures |vn|νn go to zero for any (hence, every) sequence of points
vn ∈ Tn.
The following lemma relates the notion ofmeasured asymptotic expanderswith
that of the ordinary asymptotic expanders (Definition 2.12).
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Lemma 6.5. Let {T νnn }n∈N be a sequence of probability metric spaces with uniformly
bounded measure ratios and |Tn| → ∞. Then {T νnn }n∈N is a sequence of measured
asymptotic expanders if and only if their underlyingmetric spaces {Tn}n∈N are a sequence
of asymptotic expanders.
Proof. Let {T νnn }n∈N be a sequence of measured asymptotic expanders andQ ≥ 1 be
the constant witnessing the bound on measure ratios. For any n ∈N and An ⊆ Tn
with α|Tn| ≤ |An| ≤ 12 |Tn|, we have
α
Q2
≤ |An|νn ≤
Q2
Q2 + 1
.
It hence follows from Lemma 6.3(1) there exist c and k depending only on α such
that |Nk(An)|νn ≥ (1 + c)|An|νn . It is then easy to deduce that |Nk(An)| ≥ (1 + cQ2 )|An|.
The converse implication is analogous, hence omitted. 
6.2. Measurable partitions and approximating spaces. A measurable partition of
a probability space (X, ν) is a partition of X into a countable family P = {Ri | i ∈ I}
of disjoint measurable subsets (regions), i.e., X =
⊔
i∈I Ri.
Definition 6.6 ([26, Definition 3.4]). A measurable partition P = {Ri | i ∈ I} has
bounded measure ratios if there exists a constant Q ≥ 1 such that for every pair of
regions Ri,R j in P, we have
1
Q
≤ ν(Ri)
ν(R j)
≤ Q.
Given any measurable partition P of X and a measurable set A ⊆ X, we denote
by [A]P the set
[A]P ≔
⊔{
R ∈ P
∣∣∣ ν(R ∩ A) > 0} ⊆ X
(this notation is inspired by identifying P with the equivalence relation given by
“belonging to the same region”, so that [A]P is the saturation ofA up to measure zero
subsets). Similarly, if W ⊆ P is a set of regions of the partition, we denote their
union by [W]P ≔
⋃{R | R ∈W}.
Recall that Γ is a countable discrete group equipped with a proper length
function ℓ. One of the main objects of interest in [26] are graphs that approximate
measurable actions of finitely generated groups. The following is a (measured)
generalisation of that idea to actions of groups equipped with proper length
functions:
Definition 6.7. Given a measurable action ρ : Γ y (X, ν) of a countable discrete
group Γ on a probability space (X, ν) and a measurable partition P = {Ri | i ∈ I} of
(X, ν), the associated approximating (metric) spaceTρ(P) is themetric space obtained
by equipping Pwith the metric dP defined by
dP(R,R′) = min
R=R0 ,...,Rn=R′
{ n∑
i=1
ℓ(γi)
∣∣∣ γi ∈ Γ s.t. ν((γi · Ri−1) ∩ Ri) > 0} ∪ {+∞},
where n ∈ N and Ri ∈ P for every i = 0, . . . , n. Note that dP(R,R′) can never
be infinity if the action is ergodic. When there is no ambiguity, we denote the
approximating space byT (P). Note that the approximating spaceT (P) is always
discrete since we require that the length function ℓ takes values inN ∪ {0}.
The approximating space Tρ(P) comes with a natural Borel measure given by
|R|ν ≔ ν(R) for every R ∈ P. Equipped with this measure, Tρ(P) is called the
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measured approximating (metric) space associated with ρ, denoted by T νρ (P). Again
when the action is clear from the context, we will simply denote by T ν(P).
The notion of the measured approximating space is designed in such a way
that |W|ν = ν([W]P) for every subset W ⊆ P. This leads to simple estimates on
measured expansion for measured approximating spaces as we will see later.
Remark 6.8. If Γ is finitely generated by a finite symmetric set S and ℓ is the
associated word length, the approximating space Tρ(P) coincides with the ap-
proximating graph Gρ(P) (with the edge-path metric) defined in [26, Definition
3.3].
One of the main results in [26] was to reveal a strong relation between the
Cheeger constants of the approximating graphs Gρ(Pn) and expansion properties
of ρ. The price to pay to compare a purely metric construct (the approximat-
ing graph) with a dynamical system is the proliferation of assumptions in the
statements of various lemmas and theorems. In this paper, we prefer to switch
from graphs to measuredmetric spaces because these are better suited to describe
approximations of actions on measure spaces.
The following lemma is almost immediate:
Lemma 6.9. Let Γy (X, ν) be a (
¯
c,
¯
k)-asymptotically expanding action on a probability
space (X, ν). Then for every measurable partition P = {Ri | i ∈ I}, the measured
approximating space T ν(P) is a measured (
¯
c,
¯
k)-asymptotic expander.
Proof. First note that for every subsetW ⊆ T ν(P) and k ∈N, we have
Bk · [W]P ⊆
⊔{
R ∈ P
∣∣∣ dρ(R,W) ≤ k} = [Nk(W)]P
up to measure zero sets.
Given α ∈ (0, 12 ], consider a subset W ⊆ T ν(P) with α ≤ |W|ν ≤ 12 . Since
α ≤ ν([W]P) = |W|ν ≤ 12 , we deduce from the asymptotic expansion hypothesis
that
|N
¯
k(α)(W)|ν = ν
(
[N
¯
k(α)(W)]P
)
≥ ν
(
B
¯
k(α) · [W]P
)
> (1 +
¯
c(α))ν([W]P) = (1 + ¯
c(α))|W|ν.
Hence T ν(P) is a measured (
¯
c,
¯
k)-asymptotic expander space. 
Example 6.10. It is proved in [21, Theorem 11] that if G is a connected simple
Lie group with finite centre, Γ < G a lattice and H < G a closed non-amenable
subgroup then Γ y G/H is strongly ergodic (with respect to the measure-class
induced by the Haar measure of G).
If H < G is cocompact and we choose any Riemannian metric on G/H, we
can easily find a sequence of measurable partition Pn with uniformly bounded
measure ratios (e.g., by consideringVoronoi tessellations as in [26]). It then follows
from Lemma 6.5 and Lemma 6.9 that the associated approximating spaces are
asymptotic expanders.
6.3. A converse implication: admissible sequences of partitions. We will now
prove a converse to Lemma 6.9. The idea is to consider finer and finer partitions
in such a way that we can recognise expansion properties of the action in terms of
uniform expansion properties of the associated measured approximating spaces.
The appropriate notion of “finer and finer partitions” is somewhat technical, and
depends on the action:
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Definition 6.11. Let Γ y (X, ν) be a measurable action of a countable discrete
group (X, ν) on a probability space (X, ν) and k ∈N a natural number. A sequence
{Pn}n∈N of measurable partitions of X is called k-admissible (for the action) if for
every measurable subset A ⊆ X and every n ∈ N, there is a subset Wn ⊆ Pn such
that for every γ1, . . . , γq ∈ Γwith
∑q
i=1 ℓ(γi) ≤ k, we have
(6.1) [γq · [ · · · [γ1 · [Wn]Pn]Pn · · · ]Pn]Pn n→∞−−−−→ γq ◦ · · · ◦ γ1(A)
where the convergence is inmeasure (i.e., the measure of the symmetric difference
goes to zero as n grows to infinity).
A sequence {Pn}n∈N is∞-admissible if it is k-admissible for every k ∈N.
The following is the crucial step to establish the converse to Lemma 6.9:
Proposition 6.12. Let Γ y (X, ν) be a measure-class-preserving action of a countable
discrete groupΓ on a non-atomic probability space (X, ν),
¯
c0 : (0, 12]→ R>0 and ¯k : (0,
1
2]→
N be fixed functions. Assume that {Pn}n∈N is a sequence of measurable partitions which
is
¯
k(α)-admissible for every α ∈ (0, 12]. Then the following are equivalent:
• for every function
¯
c <
¯
c0 (point-wise), {T ν(Pn)}n∈N is a sequence of measured
(
¯
c,
¯
k)-asymptotic expanders;
• for every function
¯
c <
¯
c0 (point-wise), the action is (¯
c,
¯
k)-asymptotically expanding
in measure.
Proof. The sufficiency is given by Lemma 6.9, so we only focus on the necessity.
Fixing a function
¯
c <
¯
c0 and a parameter α ∈ (0, 12], let k ≔ ¯k(α) and c ≔ ¯c(α).We begin by fixing a measurable subset A ⊆ X with α < ν(A) < 12 and letting
Wn ⊆ Pn be a sequence of subsets from the definition of k-admissibility. It follows
from (6.1) with γ1 = · · · = γq = 1 that [Wn]Pn converges in measure to A. Hence
there exists an n0 sufficiently large so that α < |Wn|ν = ν([Wn]Pn) < 12 for every
n > n0. We can hence apply the assumption on T ν(Pn) to obtain:
|Nk(Wn)|ν > (1 + c)|Wn|ν.
On the other hand, it follows from the definition of approximating spaces that
[Nk(Wn)]Pn =
⋃{
[γq · [ · · · [γ1 · [Wn]Pn]Pn · · · ]Pn]Pn
∣∣∣ γ1, . . . , γq ∈ Γ s.t.
q∑
i=1
ℓ(γi) ≤ k
}
.
Hence (6.1) implies that
[Nk(Wn)]Pn −→
⋃{
γq ◦ · · · ◦ γ1(A)
∣∣∣ γ1, . . . , γq ∈ Γwith ℓ(γq · · ·γ1) ≤ k} = Bk · A,
where the convergence is in measure. It follows that
ν(Bk · A) = lim
n→∞
|Nk(Wn)|ν ≥ lim
n→∞
(1 + c)|Wn|ν = (1 + c)ν(A).
It remains to deal with measurable A ⊆ X with measure α or 12 . For ν(A) = 12 ,
ν being non-atomic implies that there exists an increasing sequence of subsets
An ⊆ A so that ν(An) < 12 and ν(An) → ν(A). For each n ∈ N, it follows from the
above analysis that ν(Bk · An) ≥ (1 + c)ν(An). Hence
(6.2) ν(Bk · A) = lim
n→∞
ν(Bk · An) ≥ lim
n→∞
(1 + c)ν(An) = (1 + c)ν(A),
where the first equality holds because the action is measure-class-preserving and
ν is finite. A similar argument works for ν(A) = α as well. This finishes the proof
that Γ y (X, ν) is (
¯
c′,
¯
k)-asymptotically expanding in measure for every
¯
c′ <
¯
c
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(it is only necessary to pass to a smaller
¯
c′ because the definition of asymptotic
expansion requires strict inequalities). 
In the general case, we have the following non-quantitative version:
Proposition 6.13. Let Γy (X, ν) be a measurable action of a countable discrete group
Γ on a probability space (X, ν), and {Pn}n∈N a sequence of ∞-admissible measurable
partitions. Then the measured approximating spaces T ν(Pn) are a sequence of measured
asymptotic expanders if and only if the action is asymptotically expanding in measure.
Proof. From Lemma 6.3(1), for any α ∈ (0, 12] there exist c > 0 and k ∈ N such that
for any n ∈N and An ⊆ T (Pn) with α2 < |An|ν < 23 , we have |Nk(An)|ν > (1 + c)|An|ν.
Now fix a measurable subset A ⊆ X with α ≤ ν(A) ≤ 12 , and let Wn ⊆ Pn be a
sequence of subsets as by the definition of k-admissibility. It follows from (6.1)
that [Wn]Pn converges in measure to A. Hence there exists an n0 sufficiently large
so that α2 < |Wn|ν = ν([Wn]Pn) < 23 for every n > n0. By construction we have:
|Nk(Wn)|ν > (1 + c)|Wn|ν.
On the other hand, the same argument as in the proof of Proposition 6.12 shows
that
ν(Bk · A) = lim
n→∞
|Nk(Wn)|ν ≥ lim
n→∞
(1 + c)|Wn|ν = (1 + c)ν(A).
So we finish the proof. 
Remark 6.14. From the proof of Propositions 6.12 and 6.13, it is clear that the
notion of k-admissibility was designed to make the argument work. We deem
it a worthwhile effort to explore the precise properties of partitions one need to
recover dynamical properties of the action in terms of measured approximating
spaces.
It now remains to produce examples of∞-admissible partitions. For the scope
of this paper, the main source of such partitions is the following lemma:
Lemma 6.15. Let ν be a Radon probability measure on a locally compact metric space
(X, d) and Γ y X a continuous measure-class-preserving action of a countable discrete
group Γ. If {Pn}n∈N is a sequence of measurable partitions with mesh(Pn) → 0 (where
mesh(Pn) ≔ sup{diam(R) | R ∈ Pn}), then {Pn}n∈N is∞-admissible for the action.
Proof. Fixing a k ∈ N, we begin by showing that we can approximate compact
subsets. Let K ⊆ X be a compact subset and set WKn ≔ {R ∈ Pn | ν(R ∩ K) > 0}.
Note that [WKn ]Pn is equal to the saturation [K]Pn .
Let δn ≔ mesh(Pn) and fix a γ ∈ Γ. For n large enough, Nδn(K) is compact and
hence the restriction of γ to Nδn(K) is uniformly continuous. It follows that there
exists a sequence δ′n → 0 such that γ(Nδn(K)) ⊆ Nδ′n(γ(K)). Since [WKn ]Pn ⊆ Nδn(K),
wehave [γ·[WKn ]Pn]Pn ⊆ Nδn+δ′n(γ(K)). Sinceγ(K) ⊆ [γ·[WKn ]Pn]Pn up tomeasure-zero
subsets, the sequence [γ · [WKn ]Pn]Pn converges in measure to γ(K). By an inductive
argument, the above can be easily extended to show that the setsWKn ⊆ Pn satisfy
(6.1) for any γ1, . . . , γq ∈ Γ with
∑q
i=1 ℓ(γi) ≤ k.
Now fix a measurable subset A ⊆ X. Since ν is Radon, there is a sequence
of compact sets Km ⊆ A that converges to A in measure. Each of these compact
sets come with its own “approximating sequence” (WKmn )n∈N. A straightforward
diagonal argument is thus sufficient to produce a sequence (Wn)n∈N that satisfies
(6.1) for A. 
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Together with Proposition 6.13, we obtain the following:
Theorem 6.16. Let (X, d, ν) be a locally compact metric space with a Radon probability
measure, and {Pn}n∈N be a sequence of measurable partitions of X with mesh(Pn) → 0.
Then any continuousmeasure-class-preserving actionΓy Xof a countable discrete group
Γ is asymptotically expanding in measure if and only if the measured approximating
spaces {T ν(Pn)}n∈N are a sequence of measured asymptotic expanders.
Assuming bounded measure ratios, we can apply Lemma 6.5 to obtain an
analogous characterisation in terms of (non-measured) asymptotic expanders:
Corollary 6.17. Let (X, d, ν) and {Pn}n∈N be as in Theorem 6.16 with {Pn}n having
uniformly bounded measure ratios. Then a continuous measure-class-preserving action
Γy X is asymptotically expanding in measure if and only if the approximating spaces
{T (Pn)}n∈N are a sequence of asymptotic expanders.
One source of examples where the above result can be applied is given by
boundary/profinite actions as described in [1]. Namely, if Γ1 > Γ2 > · · · is a
chain of finite index subgroups of Γ, then the boundary of the induced coset tree
is a compact totally disconnected topological space X equipped with a natural
probability measure ν. The group Γ acts on X and the action preserves ν. In the
notation of [1], we can let Pn ≔ {Sh(Γng) | Γng ∈ Γn\Γ}. These partitions have
measure ratios ≡ 1. Furthermore, it is also possible to equip X with a profinite
metric andmesh(Pn)→ 0with respect to thismetric. It follows fromCorollary 6.17
that the associated approximating graphs are asymptotic expanders if and only if
the boundary action Γ y (X, ν) is strongly ergodic (note that in this context the
approximating graphs are nothing but the Schreier graphs). In [1, Theorem 5] it
is also shown that there exist chains Γn such that the associated boundary action
is strongly ergodic but does not have spectral gap. It follows that the associated
approximating graphs are asymptotic expanders that are not expanders.
The following example shows that Corollary 6.17 fails when considering non-
continuous (measure-preserving) actions on spaces with Radon measures.
Example 6.18. Consider the unit interval [0, 1] with the Lebesgue measure λ (de-
fined on the Borel σ-algebra). Let A0 ≔ [0, 1] and choose a sequence (An)n≥1 of
measurable subsets of [0, 1] such that λ(An) = n4−n and λ(An ∩ [ k−1n , kn ]) = 4−n for
every k = 1, . . . , n. Let Bn ≔ An r (
⋃
m>nAm). The Bn are a partition of [0, 1] into
a sequence of disjoint subsets which become “smaller and smaller” but “denser
and denser”.
By integrating the indicator functions, we obtain (up to measure-zero) a mea-
sure-preservingbijection f : [0, 1]→ [0, 1] sendingB0 to [0, λ(B0)],B1 to [λ(B0), λ(B0)+
λ(B1)] and so on. We can now consider the induced Z-action on ([0, 1], λ).
Let Pn ≔ {[ k−1n , kn] | k = 1, . . . , n}. Then the (measured) approximating spaces
T λ(Pn) are measured (1, 2)-asymptotic expanders (independently of α). In fact,
the region [n−1
n
, 1] intersects with positivemeasure f (R) for everyR ∈ Pn. It follows
that N2(Wn) = Pn for every non-empty subsetWn ⊆ Pn.
One can show that sequence of partitions {Pn}n∈N is 1-admissible. On the other
hand, by looking at subsets of the form
⋃N
k=1 f
k(C) with suitably small C ⊆ [0, 1],
it is easy to check that the action Z y ([0, 1], λ) is not asymptotically expanding.
In particular, it follows from Proposition 6.12 that {Pn}n∈N is not 2-admissible (it
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is also easy to check it by hand). More interestingly, this example shows that the
hypothesis of k-admissibility is sharp.
Remark 6.19. It is not clear to us if one can produce examples of actions and
partitions that are 2-admissible without being∞-admissible.
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